Geometry and Art from the Cordovan Proportion
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Abstract: The Cordovan proportior=(2—v2)™? is the ratio between the radius

of the regular octagon and its side length. Thigpprtion was introduced by R. de
la Hoz in 1973. Recently, the authors have fourmhggdric properties linked with
that proportion, related with a family of shapesned by themCordovan poly-
gons These results are summarized and are extendewdgththe works of art of
Hashim Cabrera and Luis Calvo, two Cordovan painteno have consciously
considered the Cordovan proportion in their recambpositions. In fact, we have
checked this ratio in several dissections of thevaaes of Cabrera, and looking at
the picture of Calvo, we have recognized many af ©@ardovan polygons and
some new polygons which we have added to our pusvemllection. We have
also discovered some new cordovan dissectionssgfiare, a/2 rectangle and a
Silver rectangle

1. Introduction

This work is the result of a meeting of two math&aians with two
painters in Cérdoba city in Spain, and its conv#raa about the
Cordovan proportion.

The Cordovan proportiore=(2-v2)*?, is the ratio between the ra-
dius, R, of the regular octagon and its side lengtiiFigure 1).



Fig. 1. Cordovan proportion in the regular octagon

This proportion was introduced by the Spanish &&chiRafael de la
Hoz Arderius in 1973 (Hoz, 1973, 2005) and nametiiby, Cordo-
van proportion The irrational value of this ratio is known a® th
Cordovan numberBy means of the law of Cosines, in the marked
triangle with sides R, R and L (see Figure 1), aeeh
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Before 2008, when the authors began the studyisfpioportion,
only the rectangular shape had been consideredn Fnat year,
their research has found geometric properties tinkéh that pro-
portion, related to a wide family of new forms nahig/ them Cor-
dovan polygon¢Redondo and Reyes 2008a, 2008b, 2009).

In this contribution, those results are summariaed are extended
through the works of art of two Cordovan paintetsch have con-
sciously considered the Cordovan proportion inrthetent compo-
sitions. The aims, motivations and visual resutes@mpletely dif-
ferent within their works.

2. Polygonal shapes and Cordovan proportion

In this section, we summarize the main polygonalpsis discovered
and related with the Cordovan proportion.



The “ Cordovan trianglé is the isosceles triangle which is similar
to the one in Figure 1 of sides R, R andhb, an isosceles triangle is
a “Cordovan triangle” if its angles aré4, 3r/8 and 378 radians.

Fig. 2: Cordovan triangle and its location within the regwctagon.

The* Cordovan rectanglés a rectangle whose sides are in ratio c.
For instance, the marked rectangle of sides R asdowed in Fig-

ure 3.

Fig. 3: Cordovan rectangle and its construction from al@goctagon.

The* Cordovan diamontlis a rhombus whose angles aré4, and
314 radians This shape is formed by the union of two Cordovan
triangles. Four octagons intersected as in Figuie groduce an in-
ner star formed by four diamonds.



Fig. 4: Diamonds in octagons and Diamonds in a squarédegting 90
and 45degrees.

The regular octagon can be divided into four coagtuguadrilater-
als, named by the authdiGordovan kites” or “c-kites’. A c-kite is

formed by two Cordovan triangles. This quadrilatbies anglesv2,

3178, 34, and 3v8. If the side of the octagon is 1, thdite has
sides 1, 1, c, and c, Figure 5.

¢ o
- c - -

Figufé 5: Cordovan kite, Cordovan dart and its constructiom the
square

When the octagon is inscribed in a square, andthar congruent
concave quadrilaterals (see Figure 5) appear. Theadrilaterals
are called as Cordovan dart%r “c-darts”. A c-dart has angles
18, 172, 178 and 5v4, and sides 1, 1, c, and c.

SeveralCordovan pentagonsan be considered, the most relevant is
the non regular polygon achieved by means of twbtririangles
over the equal sides of the Cordovan triangle,ifeig5). This pen-
tagon covers the plane. It has four equal sides/\# and the re-
maining side is 1. Its angles arg/8, 172, 374, V2 and 5v8.



Fig. 6: A Cordovan pentagon.

The gallery of Cordovan polygons is wide (Redonda &eyes
2009). Indeed, the collection of par-polygons ipeesally interest-
ing. In fact, combinations of two kites, two dadisone kite and a
dart produce different par-hexagons, (see Figure 7)
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Fig. 7: Cordovan par-hexagons

In a similar way, by considering four quadrilaterakites or darts,
several par-octagons can be obtained: thsunh” (regular octagon),
the four point‘star” or (c-stan, the c-bow, the c-umbrella the c-
moon, thec-fish, etc. See Figure 8.
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Sun star bow umbrella maoon fish
Fig. 8: Several par-octagons made with kites and darts

2. Hashim Cabrera: the proportion of the soul

Hashim Cabrerawas born in Sevilla in 1954, soon afterwards he
moved to Almodovar del Rio (Cordoba, Spain) whezenbw lives.
He is a painter and writer interested in both Visarés and its his-



toric, spiritual and philosophical basis. Afteriestf stage, where the
artist was concerned about the form, he evolveaitdsvanaturalist
abstractconcept of the painting. By avoiding shapes andlsys,
the artist's message can be freed of its servitadee form. Under
these assumptionsplour and proportion are the only elements al-
lowed.

In Cordoba, in February 2008, he exhibito$ colores del alma
(Colours of the soyl ten paintings (acrylic/canvases) which are a
sample of his profound reflection about colour. Wibrks are con-
ceived as the union of two, three or four rectaagutodules; each
of them in a single colour. The complete exposittan be found in
http://www.hashimcabrera.com/galeria.html

Cabrera claims since we can't live an absolute oneness perma-
nently, then oneness and diversity can't be segardhis idea is
represented by the main use of green, the onlygsyircolour which
at the same time is secondary. The harmony is aethiey means of
a balance between the pieces. The manner of tih@ahiof the sup-
port space is purposely arranged by the Cordovapoption. In ad-
dition, all compositions are also interrelated bgams the Cordovan
proportion.

Surprisingly, the Cordovan number appears to belwed in the
measured values for the annual mean sunlight id@a. This
striking fact attracts attention of the painter,omis fascinated by
that coincidence which joins an external phenomen@ctrocosmic,
with an inner experience based in the mathematimatepts which
arrange the order and consensus. That is, the Camdmroportion.

We have checked and we have found this ratio irditsections of

the canvases the Cabrera’s exposition, even iretbases where it is
not evident. As a sample, we will focus in the paigs showed in

Figure 9. From these, some geometric facts aredfoun



a) Diptico verde cromo/negro (diptych chrome gredatack)
b) Visitantes (Visitors)

c) Triptico verde/negro (Triptych green/black) d) Vergel
(Fruit garden)

Fig. 9: Four canvases of Hashim Cabrera (PhotographsinyoBRascado)



The picture in Figure @) is an almost perfect square, formed by the
union of two modules which shape the simplest Camdalissection
of a square:

“A square may be divided into a Cordovan rectangie @ rectan-
gle of ratio c(c-1)”
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Fig. 10: A square is the union of a Cordovan rectangle amettangle
c/(c-1).

The graphic analysis of the canvas is showed inrgid1. On the
left, we can see the painting. In the centre weenlesthe aforemen-
tioned dissection of the square, made with accubgcyneans of a
geometric design program. On the right, throughmplke superposi-
tion of the preceding images it is shown the "alhpesfect” Cordo-
van dissection achieved by Cabrera.

Fig. 11 Cordovan division oiptych chrome green /black



Starting with the dissection of Figure 10, we casventhe rectangle
to place it in the centre of the square. The raswdhother Cordovan
dissection of the square, Figure 12:

“A square can be divided into one rectangle of ratjo-1) and two
rectangles with ratio 2c”
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Figure 12 Dividing the square into rectangles with ratimahdc/(c-1).

We have recognized this dissection in “Visitorshexe we observe
a white central strip dividing symmetrically theneas. Precisely,
that strip is a rectangle with ratgc-1).

Figure 13 explains without words the graphic analgs this paint-
ing showed in Figure %).

c-l -1 A

Fig. 13 Cordovan division oWisitors
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Starting again by the first division of the squame, can achieve an
harmonic dissection of a rectangle of rati{2c-2), Figure 14.

c—1

c-1 i c—1

C c
Figure 14: Construction and dissection of the rectarj(2c—2).

This pattern appears in Triptych green/black, Fegdyc). This as-
sertion is explained in the Figure 15. Observe liodh blue lines are
parallel and the upper line is the extension of diegonal of the
white rectangle/(c-1).

Fig. 15 A rectanglec/(2c-2) in Triptych green/black

Figure 9,d) showsFruit garden,this composition is surprising. The
painting is formed by a squared module adjacerniather rectan-
gular one. It is the only case where the artisbgezed that the pro-
portions in this composition are considered by cleatt is striking
that even in this case the Cordovan proportionstum See Figure
16.
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Fig. 16 Garden/Orchard towards the Golden rectangle.

Indeed, the rectangular module is formed by themwnif one square
and one Cordovan rectangle.

We discover the two first steps of a pseudo-gnooargrowth as-
sociated to a Fibonacci sequetige= G2 + Ghg, N =2, 3, 4,... with

initial termsGp=c andG; = 1:

c,lc+lc+22c+33c+5,...
Observe that

—(2“1 - @ (Goldenmearn) and G, =F _,c+F, n=123...

whereF, is the term of the usual Fibonacci sequdrge Fn, + Fn.,
n= 2,3, 4,... which starts iRp = 0 andF; = 1. So the intuitive
shape by the painter may be considered as an apmtion of the
Golden rectangle.

3. Luis Calvo: A vectorial drawing of the mosque ofCorddba

Luis Calvo (1959-) is a designer, an ardent admirer of tistohy

and architecture of Cérdoba, his home town. In Déumes 2008, the
Cervantes Institute in Brussels organized an dribgtion devoted to
intra-cultural expressions of Cordoba city, throulgé work of eight
artists. Calvo contributed to the collective extidn with the paint-
ing, “La Proporcion Cordobesa” (The Cordovan préipo), Figure

17, where the author gives homage to the Mosquee ntbst em-
blematic building of the city. Calvo’s work is acterial drawing on
cotton fabric, on frames which are arranged formangectangle,
which represent the plan of the Mosque of Cordova.
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Fig. 17: La Proporcién Cordobesa (2008)

Looking at the picture, we can see five rectangoiadules, each of
them coloured, differently in accordance to thdeddnt stages of
the construction of the building. On the full retjée, we observe
many octagonal stars. Each one is inserted in mgg framework
formed by a rectangular grid jointly with anotheidgwhich has
been rotated with respect to the first one.

Let us focus our attention on the geometric skelethere the oc-
tagonal stars are placed. Its mathematical intdyesbmes evident
when we construct it.

Dissecting a regular octagon inscribed in a squasig lines that
are parallel to the sides of the square, FigurevE8nay determine a
compound figure formed by four congruent rectangiesatio v2,
four congruent squares and a big central squaiis.radule will be
the basis of the initial grid.

Fig. 18 Basis of the initial grid
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The first figure to be constructed is the star gotg denoted by 8/2,
(Figure 19a), which is formed by two squares. In the next step

side the previous star, we draw the star octag8n @/ octagram,
with its points lying in the convex vertices of thar 8/2, (Figure 19
b).
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Fig. 19 Generating the basis star

Returning to the first star 8/2, we draw another /3 with its
points in the points of the initial star 8/2. Tloigeration determines
eight interlaced Cordovan triangles with its angh¢<l5 degrees in
the corners of the stars, (Figure d9 Within the little internal star
8/2 determined in the centre of the composition regeat the same
operations described in the previous lines. Thiapsition is trans-
lated over the grid in two independent directiofgure 20 (left).
Finally, we install another identical design oviee inner canonical
module surrounded by the four previous modules. firteg result is
a grid of five interlaced modules, Figure 20 (right
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Fig. 20 Generating the pattern basis

By means of two independent vectors, we can trandlze five
compositions in order to achieve the picture afiagt of rectangles
and squares, some of them decorated by segmemtivedvin the
octagon geometry, Figure 21.

N

T T2 T3 T4
Fig. 21 Rectangular and squared modules in the grid

It is important to remark that the artist has uaeary different con-
struction procedure. The point of start of Calvothe strategic
placement of the T1 module, in the small squarea oéctangular
grid as in Figure 18. Next, the segments are exitraehd the draw-
ing is completed by adding the remaining lines. Sgere 22.

2 RN RN N

Fig. 22 Construction from T1
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In the T1 module, the Cordovan diamond appeardyiungcribed in

a square constructed by bisecting the angles cr@D45 degrees
(see Figure 4). Let us observe that this shapaeasob the two bases
of origami:the Fish baseln the 8th century, the art of paper folding
was very popular among the Arab people. The petsooaosal of
Calvo is that the Mosque of Coérdoba was construbigdnaster
bricklayers who knew and used origami techniqudss s the rea-
son for the main role of the module T1 in the waljoived by the
artist.

Through both preceding alternative constructiohs, final result is
the same, a modern “tastir’ (straight line geometifne Cordovan
proportion emerges from this gallery of stars, vehseveral Cordo-
van polygons are easy recognizable, which havebeen drawn
consciously, but appear in an implicit way. We disered in the
grid some new polygons which we could be addedutopoevious
collection.

In order to clarify the understanding of the canwas are going to
consider it as an array of eight rows and elevdaonaons, and we
will codify each one of the boxes or set of boxas,explained in
Figure 23. The background of this Figure is a presisketch of the
painting kindly provided by the author.
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Fig.23 Codifying the canvas.

The Cordovan diamond is found off in several boxas. example
in Ajj, withi=2, 4, 6, 8 and j=1, 3, 5, 7, 9, 11. The Cordovangle
is spread around the picture. For instance, irbtheA, s.» 3 we rec-
ognize two Cordovan triangles, respectively dividgdeach other
and its respective gnomon. Abowis located inAz4.34 A concave
octagon, known astar and ac-umbrella are located explicitly in

yyyyyyyyy

on, Figure 24.

By analyzing the picture, we can define about soew pentagons
which will complete the family of pentagons discma by the au-
thors. These new Cordovan pentagons are cut inttangles,
squares, cordovan triangles and gnomons, see Fifurd@he first
pentagons involves the Cordovan number and the/Siumbe© =
1+V/2. They appears in the rows one and two passingefeeral col-
umns: A1’2;1,2,3 A1,2;5,6,3 Al,2;9,10,11 Symmetric pentagons of these
ones can be found ¥y 5123 A45:563 » A45:9.10,11
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Looking at the T2 module, we discover several gaamfacts
about the rectanghié2. The upper row of Figure 26 explains the
steps of construction of T2 module. In the firsttpre of the proce-
dure becomes evident that fectanglev2 can be divided into a Sil-
ver rectangle and two rectangles of ratfd.c

—_—

N2

Fig. 26: Dissections of the rectanglé®

In the bottom row, on the left, we can see anoth&section of the
rectanglev2. In this case the result is the union of threedGean

triangles, an isosceles triangle and two symmetradene triangles.
That isosceles triangle is the gnomon of the seatdangle, which
is precisely the gnomon of the Cordovan trianglee Temaining
pictures show the location ofadart and ac-kite in the rectangle
V2.

Conclusions

We can conclude that the Cordovan Proportion isjugita mathe-
matical invention. It is not a simple matter torca new geometric
term, but it is considered by artists like Cabraenal Calvo in their
art works. Research in two very different fieldgthematicians and
artists converge to a common point: The Cordovap@tion, the
ratio which emerges from the soul of the Mosqu€aidoba.

Acknowledgements

The authors express their hugely grateful to thed@aan artists,
Hashim Cabrera and Luis Calvo, who have given theimission to
the authors of this paper to use their art workdeéd, this paper



18

would not have been written without the existentcéheir paintings.
Thanks also for allowing us to use the photograghBruno Ras-
cado.

References

1. Hoz, R., La proporcion Cordobegictas de la quinta asamblea
de instituciones de Cultura de las Diputacioned. Diputacion
de Cérdoba (1973).

2. Hoz, R.Rafael de la HozConsejo Superior de los Colegios de
Arquitectos de Espafia. ISBN 8460977234. CArdobairip
(2005)

3. Redondo, A. and Reyes, E., (2008a). The Cordok@woRion:
Geometry, Art and Paper folding. IRroceedings of 7th Interdis-
ciplinary Conference ISAMA 2008 alencia, SpainHyperseeing,
May-June, 107-1142008)

4. Redondo, A. and Reyes, E., (2008b). The Geonfetng €ordo-
van PolygonsYisual Mathematicsl0, No 4,
www.mi.sanu.ac.yu/vismath/redondo2009/cordovan.pdf

5. Redondo, A. and Reyes, E., (2009). Cordovan GecaldRat-
terns and designs. Symmetry:Art and Science, 009becial Is-
sue for the Conference of ISIS-Symmetry. Symmigayrms and
Structures, Wroclaw-Cracow, Poland, 68{2D09)

Web pages
http://www.hashimcabrera.com/galeria.html
http://www.lacajadelagua.com/la sexta mirada/aig.Html




