Polyhedral eversions of the sphere; first
handmade models and JavaView applets.

Richard Denner

Abstract This article gives the tools for self-construction of thdytedral models
which appear during the process of everting the polyhegitati. It can be under-
stood as a pedagogical device to understand the differgps sif that process.

1 Introduction

There are problems which are real challenges. The spher@@ve@roblem belongs
to that category! How is it possible to exchange the inteanal the external face of
a sphere without tearing or folding its surface? At first sighseems impossible!
But, by authorizing the surface to cross itself and by resipgcules established by
mathematicians, it becomes possible and the eversiam be shown on the screen
of a computer. At the conference, | presented pictures ofhgalra imagined by
the blind mathematician Bernard Morin which illustrate 8pghere eversion. The
approach which is developed here allowed the discoveryeofithteversion of the
cuboctahedronWe present three introductory models which lead direalyhie
central stage of the eversion.

The starting point of this collection of models is a minimalyBsurface with 9
vertices inspired by Ulrich Brehm’s wor§2]). It is a non-orientable surface which
presents a threefold axis of symmetry. Some of its facessiet¢ themselves giving
birth to an intersection line andteple point The same construction process can be
applied to get a model with a fourfold symmetry callggen halfway-modellhen
the surface becomes orientable and hasi@druple point The reader is invited to
build by himself these two first models. The third model, editlosed halfway-
mode| reaches the necessary level of complexity to carry out Wees®on of the
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cuboctahedron. Handmade models, photos in artificial kgt JavaView applets
were used to highlight the thought of the blind mathematicia

For the exchanges with Morin, we used a closed halfway-miodehite drawing
paper, less aesthetic than the one presented here. Imipdssiiee inside! The con-
struction had to be improved with transparent faces in ricbémd with the use
of two different colours (red and blue) for each side of themqpe faces. Many
years later, the models were realized on computer with KbP@lthier's software
JavaView; all the details of the eversion can be shown. Theesides of a face can
be displayed with two different colours as on the handmaddeatso Furthermore,
JavaView is able to handle the intersections; the triplafand the quadruple point
are immediately visualized as intersections of three or faces.

2 Minimal polyhedral Boy surface

At the beginning of the 1980'’s, during summer holidays regslil fell casually
on blind mathematician Bernard Morin’s article “Le retoement de la sphére”
([2]) illustrated by Jean-Pierre Petits drawings in theuee®cience. It aroused my
curiosity and | tried to understand step-by-step the spéegesior that Morin had
imagined. A few years later (1986), | met him at the Univgr&iouis Pasteur of
Strasbourg. At the end of the formation he invited me, witheotcolleagues, in his
office to show us a great wire model of the Boy surface ([3]).[#jmmediately
recognized — and was fascinated by — the surface | discoeei®a years earlier in
his article. After our discussion, he gave me a letter writig Ulrich Brehm which
contained a short description of a Boy surface with nineieest It was a variant of
the minimal Boy surface conceived by Brehm ([2]) which Madhnias adapted to the
polyhedral sphere eversion. | tried to build it briefly andeseeded after a few days.

2.1 Construction of a polyhedral Boy surface

Boy surface$ are obtained by gluing together a Mébius bamahd a disk along
their boundaries. The first model we will describe is UlrickeBm’s polyhedrofi
Its Mdbius band is a three half-turns twisted band,; it is aadwble assembly of
three concave pentagons which is explained below.

The first pentagoy = CoAgBoA1B;1 respects the following conditions : 1) the
triangleAgB1Cy is equilateral 2) the poirg is its orthocenter 3) the vertdy is so

2 http://www.javaview.de/
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that the quadranglgyBpA1B1 is a parallelogram.

Similarly, we construct two other pentagdhs= C1A1B1A:B; andP, = C,A2BAqBg.
These 3 pentagons lean towards the faces of a regular tetoateAoA Ay.

Fig. 1 The pentagonal fad® and its triangulation. Note that the three triangles in redsosceles
and have an angle which measure is 120°. Simple and nice! Duméndetformation the pentagons
can be folded along the sides of the triangles. This pictureskaed with LaTeX and the packages
pstricks and pst-3dplot.

The coordinates of the nine vertices are:

#o(1;0:0 Al(—%;?:o) Az(-%:—?;O)
1,..V2
3. 3,
Co(Z’_T'\/E) cl(O;g;\/i) CZ(_g;_ﬁ;ﬁ)

If we consider the assembB U P, U P, we get a polyhedral Mébius band. We just
have to add 7 triangles which assembly is homeomorphic teka(dee Fig.2-b):

e three dorsal triangular fac€k = CoB1A2, Q1 = C1B2A¢ andQ2 = CyBpAg; their
intersection is the triple point,

o three ventral triangular facé® = CoAxAg, Ry = C1A0A1 andRy = CoA1 A,

¢ and to finish the equilateral triangfeA; Ay.
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Fig. 2 Construction of the Boy surface by gluing together a Mobiup stnd a disk.

A, Ay Ay 2
Fig. 3 Assembly of the Boy surface; scale = 0.4. Notatiap:= PyN Q2N Q1, Bo =P NQoN Q1.
Begin to bring togethe®, and Q1, along their intersection linéxpB1]; then insertQg into the
previous assembly. The trick is easy and you will succeed quibldy add the three pentagons
by pushing them through their corresponding sloisB], [0r131] and[a2f32] on the dorsal faces:
the Mdbius strip takes its place. Then, to finish add the vefai@sRy, Ry andRy; and if you
want to close the model add a last equilateral triangld; A, — which has the same size as the
trianglePApA; — as bottom face. Enjoy! Ammportant fact to notice here is that thigexibility of
the material (paper or rhodoid) is very useful for the assembly.
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A nice description of the construction of the Boy surface amate topological
reminders are available in Laura Gay’s internship repattthe Institute Camille
Jordan in Lyon. See also ([6]) for Boy surfaces having a hidgaeel of symmetry.

Fig. 4 Minimal Boy surface with 9 vertices: handmade model and JavaVieleap

3 Open halfway-model

With 4 concave pentagons in vertical position we get a modil ¥2 vertices:

Ap(3;-3;0) A1(3;3;0 Ar(—3;3;0 Az(—3;-3;0)
Bo(3;—3;6) B1(3;3;6) B2(—3;3;6) B3(—3;—3;6)
Co(3;—15;8) C1(15;3;8 Cy(-3;15;8 Cs3(—15;-3;8)

Its 12 faces ar®} = GABA11Bi;1, Q = CiBi11A 12 and R = GiA;2A where
i € 7/47.

Fig. 5 Open halfway-model: the quadruple point is reachable by pgssider the pentagons.

7 http://math.univ-lyon1.fr/ borrelli/Jeunes/rapport_dagst Laura_Gay.pdf
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3.1 Intersection line

Bo

Qo

Fig. 6 For the construction of the model — and the JavaView applet -halcbordinates of the
points which determine the self-intersection line had to beutated by solving several linear
systems. Here we have annotateg= PyNQsNQ1, Lo =P NQpNQ1, Yo = QoNRyN Q1 and
d = QuNQ1NRy. They all belong to the plan®; like the quadruple poir® (in green).

3.2 Construction of an open halfway-model

0

Fig. 7 The pentagonal fadg and the ventral facBp; scale= 0.5. They can be used as template
for the other face® andR;, i =1, ...,3. The geometrical figures are reproduced with GeoGebra.
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B

1

Ay

Fig. 8 The four dorsal faceQo, Q1, Q2 andQs; scale= 0.5. They have in common the quadruple
pointQ. It was crucial to find how to do this assembly.
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3.3 Tipsfor the mounting of the model

Don'’t use simple paper, it will not work easily. Use at leasdwding paper which
has a better rigidity.

1. TakeQ- in your left hand.

2. TakeQq in your right hand, then pud@; into the slofy1 31] of Q until the points
y1 and; of the two faces are touching each other.

3. Now, takeQp in your right hand. Try to inse®o into the slot[yy o] of Q1 and at
the same time joii®, andQg along the segmenitr;as).

4. To finish the assembly of the quadruple point, t&kein your right hand. The
goal is to pushQs through the slofy,fs] of Qp and atthe same timeQ; and
Qs have to be joined along the segmémjaz]. Moreover,Q, andQs have to be
joined along the segmefk ;]!

There is a trick to do this! The flexibility of the matter heseabsolutely neces-
sary.

The trick consists with your left hand to flatten togetl@erandQ, between your
thumb and your index finger — level with poifit — so that they can be pushed
together into the sldopQ] of Q3 until they reach the quadruple poi@ton Qs.
Thenf; on Q, can move towardg, on Qz. a2 on Q1 can move towards; on
Qs. B3 on Q3 can move towardgs on Qg. The quadruple poin® can now be
assembled by pushing all the points in their right position.

5. Add the four pentagons.

6. Add the four ventral faces.

Fig. 9 Open halfway model: handmade models need ability, precisiopersgverance. The pen-
tagons are obtained by gluing together two cardboard shemie side in red for the one and one
side in blue for the other. To work the rhodoid, a steel edge dima @utter are necessary. To mark
the rhodoid from the plans, needles and a small hammer were used. &adixed together with
adhesive tape. The self-intersection line is drawn by using eilpgith permanent ink.
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4 Closed halfway-model of the eversion of the cuboctahedron

This model is better suited to realize the eversion than teeigus model.

4.1 Description of the construction

On this third model,

1. the four pentagons lean against the lateral faces of thutenepyramidPAgA1 A2 Az
where the basis is determined by the vertidgd ; —1;0), A1(1; 1;0), Ax(1;—1;0)

andAs(—1;—1;0) and where the apex RB(0; 0;;).

2. B; € [PAj] and their third coordinate is 1; furtherm forie Z/47Z.
Consequently, the accesses to the quadruple ipiate closed by the dorsal
faces: the halfway-model is said “closed”.

3. LetQ be the pointQ(0;0;—3) andVs the plang/A3QAg). Then the coordinates
of the vertexCy result fromCop = Py N (A2B3B1) NVa.

All the coordinates can then be calculated. The quadrupfe {sdhe pointQ(0;0; 1).

Fig. 10 The pentagoi®, at the central stage; remember tigt= CoB1A, andRy = CoAzxAp.
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4.2 Coordinates

Ao(1;-1;0) A1(1;1;0 Ax(—1;1;0 A3(—1;-1;0)
1 11 11 1 1
1 1112 11 112 11112 1112
©ztriz) GlEimeg) GETig) GETiET)

4.3 Decomposition in several geometries with JavaView

Inside a JavaView applet, it is possible to create diffegaametriesthe follow-
ing pictures illustrate this possibility. Pentagonal fecdorsal faces, and ventral
faces are represented separately for a better undersgaofdihe model. The self-
intersection line has also been added after calculatiofi dievertices. We touch
here the limits of the software: it could be very useful to davsoftware which
allows to isolate directly the self-intersection line, sigdly for the study of its evo-
lution along the eversion. This stays actually out of reaith davaView.

Fig. 11 Closed halfway-model; decomposition in different geometrigh davaView. It is useful
to locate the two perpendicular edg@gAz] andA1As] and the squarByB1B,Bs (in green).
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The next picture shows the same handmade model photograpteatificial
light; the internal subdivision is completely observahlast under the quadruple
point there is a chamber — completely closed towards theédeutswhich has the
shape of an octahedron with four ex-growths like four srresdth. It will be inter-
esting to follow its evolution during the eversion. The set@anage represents this
internal room with the self-intersection line and the quagodie point.

Fig. 12 Closed halfway-model of the eversion of the cuboctahedron.imddyy Bernard Morin,
this model is really the cornerstone of this study.

Fig. 13 Internal room under the quadruple point and self-intersedii@ of the closed halfway-
model
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See also ([7]) for halfway models with a higher level of synryiethe article is
illustrated with engravings by Patrice Jeener. The dispfdlie open and the closed
halfway-models was enhanced after mail exchanges with Geastant. He made
two artistic picturedwith the use of these models. Enjoy!

5 First eversion of the cuboctahedron

The initial and the final stages of the eversion are obtaingdlitting its 6
square faces with 2 orthogonal polar-ed@&gA;] and [A1As] and with its equa-
tor BoB1B2B3 (in green). By doing so, we get a polyhedron which have exactl
the same number of verticé$2), edgeq30) and faceg20) as on the triangulated
halfway-models!

Fig. 14 Initial and final models of the eversion of the cuboctahedron.

On the initial model and on the final model, a same vertex hasamtipodal
positions. Each triangular face is transformed in its ardgd face (see for instance
the orientation of the facAyC,B3 on the two models), so one can observe that the
orientation of the faces has changed on the final model. &ilpitthe north polar-
edge[A1As] on the first model is changed into the south polar-efdgés] on the
second model. Observe that these two edges are paralletahie observation can
be done with the south polar-edg®A,]. On the second picture, one can also locate
the final position of the pentagdty = CoAgBoA1B1. Now, the four pentagons of the
halfway models are represented by the oscillating belt pms®d with 12 triangles
—around the equator! The next picture illustrates the moldf the eversion of the
cuboctahedron and suggests the question: how does it work?

8 http://imaginary.org/fr/node/263
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Fig. 15 Initial, halfway and final models of the eversion of the cubbetiron

Bernard Morin conceived a step-by-step deformation whiflogns the halfway
model by means aglementary transformatioreonsisting in moving a vertex along
an edge of the polyhedron. In all, 22 steps are necessargnsform the halfway
model (step 0) into the final cuboctahedron (in blue). Butly 6 steps are needed to
obtain a model without self-intersection line! All the méslevhich intervene have a
twofold symmetry. What can be done to get the blue cuboctangdinal step+22)
from the halfway model can also be done to get the red cubedtah (initial step
—22). So, if we consider all the 45 models from the mod@P to the modek-22
then we have all the steps of the eversion!

Fig. 16 First cuboctahedral eversion (Maubeuge 2000). On the pidalmiéppe Charbonneau.

A first description of this eversion with annotated pictuiseavailable in my ar-
ticle Versions polyédriques du retournement de la sph&etournement du cuboc-
taédre® | wrote for the revue L'Ouver([8]) of the IREM of Strasbourg. In itsRe-

9 https://mathinfo.unistra.fr/fileadmin/upload/IREM/Puldlions/L_Ouvert/n094/0_94 32-45.pdf
10 https://mathinfo.unistra.fr/fileadmin/upload/IREM/Publions/L_Ouvert/n095/0_95_15-36.pdf
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tournement du cuboctaedr@g5]) Francois Apéry describes an other eversion which
simplifies the previous one with the helplofear interpolations

6 Conclusion

Three models with increasing complexity mark out the wayet@s the central stage
of the eversion of the cuboctahedron. The halfway modeksspts an ideal point
to start the study of the eversion. By building some modhksyéader gives himself
means to understand better what occurs during a spherecgueksimations with
JavaView were also realized. Three of them were presentitx @bnference. This
article reminds the long way of maturation and perseverartgeh preceded their
achievement. It is also an encouragement to all those whé that they don’t un-
derstand maths to believe in their own capacities and tolojgvbem!
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